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We consider the lowest order quantum gravitational corrections to Yukawa and 93* interactions. 
Our results show that quantum gravity leads to contributions to the running coupling constants if the 
particles are massive and therefore alters the scahng behavior of the Standard Model. Furthermore, 
we find that the gravitational contributions to the running of the masses vanish. 
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INTRODUCTION 



Einstein's general relativity yields an elegant and suc- 
cessful description of gravity on macroscopic scales, but 
is — in its perturbatively quantized form — ill-suited as a 
fundamental theory at arbitrarily high energies because 
it is non-renormalizable [1]. The coupling of the Einstein- 
Hilbert theory to any type of matter fields leads to non- 
renormalizable theories as well Nevertheless, when 
treated as an effective field theory, as has been estab- 
lished by Donoghue Q, perturbatively quantized Ein- 
stein gravity can be used to determine genuine predic- 
tions of quantum gravity for energies well below the 
Planck scale Afpianck = G^H^^,^ ~ lO^^GeV. Hence, the 
effective field theory approach can provide both phe- 
nomenologically and methodologically interesting insight 
into the underlying quantum theory of gravitation, for a 
review see e. g. [J]. 

In this context, Robinson and Wilczek [5] initiated an 
intriguing discussion on gravitational corrections to the 
running of gauge couplings calculated in the framework of 
effective field theories. They claimed to find gravitational 
corrections to the running of Abelian and non-Abelian 
gauge couplings, which would render all gauge theo- 
ries, including QED, asymptotically free. However, in a 
careful reconsideration of the calculations Pietrykowski 

proved, that the background field method they used 
yields gauge dependent results. Using a gauge condi- 
tion independent background field method Toms showed 

01 that the gravitational contributions to the running of 
gauge couplings vanish. This result has been confirmed 
by a diagrammatic calculation by one of the authors 
Also the inclusion of extra-dimensional gravity [9^ did not 
lead to non-vanishing gravitational corrections. 

The possibility that quantum gravity alters the scaling 
behavior of gauge theories has been reopened by a recent 
work of Toms 10] showing that there are gravitational 
corrections to the running of gauge couplings in a system 
with a non-vanishing cosmological constant. The proba- 
bly most significant qualitative difference to the models 
considered before, except the extra-dimensional scenario, 
is the introduction of an additional dimensionful param- 
eter, which can be combined with Newton's constant to 
a dimensionless quantity. This dimensionless quantity 
naturally appears in front of the logarithmic divergences 



leading to the running of the coupling. The easiest way to 
determine these divergences is to use the well established 
dimensional regularization ll| , which in contrast to cut- 
off regularization respects the diffeomorphism invariance 
of the model. 

One aspect of the gravitational corrections to the Stan- 
dard Model of particle physics, which has not yet been 
discussed in the effective field theory approach, are grav- 
itational contributions to the running of the couplings of 
non-gauge interactions. To close this gap, we consider 
the lowest order quantum gravitational corrections to 
the Yukawa and (p"^ interactions of the Standard Model. 
This can be achieved by studying a simple model of one 
scalar and one fermion coupled to gravity. As in the 
case of a non- vanishing cosmological constant, we need 
additional dimensionful parameters in order to make log- 
arithmically divergent gravitational contributions possi- 
ble. In our case these parameters are naturally given by 
the masses of the matter fields involved in the Yukawa 
and (^'* interactions. 

A similar model was recently examined by Zanusso, 
Zambelli et al. [l^ using the non-perturbative functional 
regularization group equation. In their calculation they 
neglected the renormalization of the field strength; thus, 
it is not possible to directly compare their and our results. 



THE SETTING 

The part of the Standard Model relevant for our con- 
siderations can be written in terms of a massive real 
scalar ip, representing the Higgs boson, and a massive 
Dirac fermion ip, representing e. g. the electron. Both 
fields are minimally coupled to gravity and can interact 
via a Yukawa and a ip* interaction 
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(1) 



Here k is the gravitational coupling, related to Newton's 
constant by — 327rGNGwton, 9 is the Yukawa coupling, 
and A is the ip'^ coupling constant. The covariant deriva- 
tive of the fermions is given in terms of the spin connec- 



tion and the vielbeins by 



(2) 





We expand the metric around the flat Minkowski 
background 



FIG. 1: Order corrections to the two-point functions. 



(3) 



with the symmetric tensor field h^j^i, being the graviton. 
Note that from now on indices are raised and lowered 
using the background metric rj^u. Expanding the La- 
grangian in orders of k leads to an infinite series of inter- 
actions involving arbitrary numbers of gravitons, e. g. 



two scalars can couple to any number of gravitons. 

General coordinate invariance implies that the La- 
grangian ([T]) is invariant under the infinitesimal trans- 
formation 



5^ h^^ 



2h 



(4) 



Hence, according to the well-known Faddeev-Popov pro- 
cedure jl3l] , we fix this gauge freedom using the harmonic 
(de Bonder) gauge fixing condition 
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and add to the Lagrangian a gauge fixing term as well as 
the corresponding ghost term 



gauge fixed 
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(6) 



This leads to a simple form of the graviton propagator 

haB h^S = I 5 • (7) 

P 

Since we are only interested in one-loop computations 
with no external gravitons, the gravitational ghosts are 
irrelevant in our calculation. Note that the renormal- 
ization of dimcnsionful parameters, as e. g. masses, is in 
general not independent of the chosen gauge. Neverthe- 
less, it is still possible to construct a gauge independent 
S'-matrix [3. 



GRAVITATIONAL CORRECTIONS 

What we are interested in is the infiuence of quantum 
gravity on the renormalization group fiow of our system, 
which is governed by the Callan-Symanzik equations [l5| . 



The dependence of the running couplings on the energy 
scale /i is determined by their 13 functions, e. g. 
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(8) 



for the Yukawa coupling. In order to determine the grav- 
itational corrections to the /3 functions of the couplings 
we have to investigate the divergent part of the proper 
two-point functions and the proper Yukawa and Lp"^ ver- 
tices. These divergences lead to the renormalization of 
the wavefunctions, masses and couplings. The part of the 
renormalizcd Lagrangian relevant for our considerations 
reads 



-Z^^ipd'^if - 



Z^ijfip 



(9) 



here the ellipsis represents the higher order terms involv- 
ing scalars and fermions as well as all terms involving the 
graviton. 



We use dimensional regularization 11| , where the one- 
loop divergences manifest themselves as poles at d = 4. 
Furthermore, we apply the Minimal Subtraction scheme 
where the various Z factors contain solely the divergent 
pole terms. Below, we only give the lowest order gravi- 
tational corrections and omit the well known 0(k°) 
terms. Details of the calculation can be found in 'l^. 

The diagrams listed in figure [T] lead to the following 
contributions to the wave function renormalizations 
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167r2 ^d~4 



which relate the renormalized and bare wavefunctions 

^o = zliP, ipo = zlip. (11) 

The diagrams in figure [1] also contribute to the mass 
counterterms 
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Together with the wavefunction renormalizations they re- 
late the renormalized and bare masses 
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+ 5 permutations + 3 permutations 

FIG. 2: Order Ak^ corrections to the </5^ interaction. 



Since for both the fermion and the scalar the gravita- 
tional contribution to the wavefunction renormalization 
(dHD and the mass counterterm ([T^ are equal, there are 
no gravitational corrections to the running of the masses. 
We emphasize that this cancellation is unexpected be- 
cause it is not obvious how the corresponding divergences 
in each of the diagrams in figure [1] are linked. Further- 
more, the structure of the scalar-graviton and fermion- 
graviton interactions is very different which makes it re- 
markable that the cancellation happens two times. 

To determine the renormalization of the couplings we 
further need the vertex renormalizations, which can be 
obtained from the diagrams listed in figures [5] and [3] and 
are given by 
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In dimensional regularization the renormalized and bare 
couplings are related by 

90 = t^^Z^-^Z^'Z^^g, Ao = /-%4Z;2^. (15) 

Exploiting that the bare couplings are independent of 
the renormalization scale /i it is no problem to compute 
the gravitational contributions to the (3 functions of the 
Yukawa coupling 



and the cp'^ coupling constant 
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(16) 



(17) 



Note that the 0{k'^) terms in Pg and /3\ as well as 
the renormalization group equations of k, and 
must be taken into account for a complete analysis of 
the renormalization group flow of the system. 



DISCUSSION 

In this Letter we have investigated the gravitational 
corrections to the Yukawa and (p^ interactions of the 



FIG. 3: Order gK^ corrections to the Yukawa interaction. 

Standard Model and find that the scaling behavior of the 
theory is altered by quantum gravity. For \/2 > 
both lowest order gravitational corrections are negative. 
Hence, if the non-gravitational as well as higher order 
gravitational contributions are neglected we find that 
quantum gravity leads to the asymptotic freedom of the 
Yukawa and (p"^ interaction. For the Yukawa coupling 
this remarkable conclusion should also hold in the region 
of small couplings and large masses, where the gravita- 
tional contributions dominate. By contrast, the (p"^ cou- 
pling cannot vanish in the UV unless the gravitational 
coupling is also asymptotically free because of a positive 
higher order contribution ~ K^m^ to the /? function p7p . 

Including the ©(k") terms, the /3 function of the 
Yukawa coupling has the form 



Pg=ag^ 



(18) 



im^.. If we assume > 



with a,b > and = r. 
and ignore the running of the masses and the gravita- 
tional coupling K, we get a UV unstable fixed point at 
g'^ — M^K^ b/a. Being proportional to M/Mpianck this 
fixed point is extremely small and might be without phe- 
nomenological relevance. 

According to the current state in the search of the 
Higgs boson, the lower bound of the Higgs boson mass 
is given by > 114 GeV [l7|. Hence, only the gravi- 
tational corrections to the Yukawa coupling of the top 
quark can be negative because it is the only known 
fermion with a mass greater than > > 
81 GeV. Taking the known value of the top mass mtop~ 
171 GeV [17[ , we can conclude that gravity only leads to a 
qualitative change of the scaling of the Yukawa coupling 
if the Higgs boson is lighter than \/2™top ~ 242 GeV > 

From dimensional grounds it is trivial that the grav- 
itational corrections are absent for massless fields since 
we need a dimensionful parameter in order to have non- 
vanishing gravitational contributions to the renormaliza- 
tion of the dimensionless couplings. Nevertheless, as has 
been investigated by Toms [lO| in the case of gauge cou- 
plings, there would still be the possibility of contributions 
arising from a non- vanishing cosmological constant. 
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The intriguing cancellation between the divergences in 
the mass counterterms and the wavefunction renormal- 
izations, leading to the vanishing of the gravitational cor- 
rections to the running of the masses comes as a nice 
surprise. At this stage of the investigation it is not clear 
what causes the cancellation of the divergences. It is not 
excluded that this cancellation only occurs in de Bonder 
gauge and may be absent in a different gauge, since the 
renormalization of masses is in general dependent on the 
chosen gauge If the cancellation turns out to be 

gauge independent it would be interesting to investigate 
wether or not this statement is restricted to the lowest 
order gravitational corrections or holds in general. 



Acknowledgments 

We are grateful to J. Plcfka for useful comments and 
his encouragement and want to thank D. Ebert for stim- 
ulating discussions. This work was supported by the 
Volkswagen Foundation. Our computation made use of 
the symbolic manipulation system Form 

Note added — Shortly after this article, Mackay and 
Toms published their calculation of the gravitational cor- 
rections to the mass renormalization of a scalar [l9| . 
Keeping the gauge parameters arbitrary, they were able 
to use the Vilkovisky-DeWitt effective action techique 
and also reproduce our result of a vanishing mass renor- 
malization in the harmonic gauge. 



rodigast @phy sik . hu-berlin . de| 



[2: 



[3: 

[5: 
[6: 
[7; 
[s: 
[9: 

[lo; 
[11 

[12 
[13 
[14 
[15 
[16 

[17 

[18 
[19 



S. Deser and P. van Nieuwenhuizen, Phys. Rev. Lett. 32 
(1974) 5, 245-247; Pfej/s. Rev. D 10 (1974) 2, 401-410 
Phys. Rev. D 10 (1974) 2, 411-420( S. Deser, H. Tsao, 

Lett. B 50 (1974) 4, 

10, 3337-3342I 

2999) 



' 'theodor.schuster@physik.hu-berlin.de" 
[1] G. 't Hooft and M. J. G. Veltman, Annates Poincare 
Phys. Theor. A20 (1974) 69-94. 



and P. van Nieuwenhuizen, Phys. 
491-493; Phys. Rev. D 10 (1974) 
J. Donoghue, Phys. Rev. Lett. 72 (1994) 19, 2996- 
arXiv:gr-qc/9310024, Phys. Rev. D 50 (1994) 6, 
3874-3888, arXiv:gr-qc/9405057 

C. Burgess, Living Reviews in Relativity 7 (2004) 5, . 
http: //www. livingreviews . org/lrr - 2004- 5) 

S. Robinson and F. Wilczek, Phys. Rev. Lett. 96 (2006) 
23, 231601, arXiv:hep-th/0509050 
A. R. Pietrykowski, Phys. Rev. Lett. 98 (2007) O6 I8OI) 
arXiv: hep-th/0606208_ 

D. J. T oms, Phys. Re v. D 76 (2007) 4, 45015 
'arXiv: 0708. 2990 [hep-th] ", 

D. Ebert, J. Plefka, and A. Rodigast, Phys. Lett. B 660 

(2008) 579-582, arXiv: 0710. 1002 [hep-th] 

D. Ebert, J. Plefka, and A. Rodigast, JHEP 02 (2009) 

028, |arXiv: 0809 . 0624 [hep-ph]J 

D. J. T oms, Phys. Rev. Le tt. 101 (2008) 131301 

|arXiv: 0809 .3897 [hep-th]] 

GTTHooft and M. Veltman, Nucl. Phys. B 44 (1972) 1, 
189-213. 

0. Zanusso, L. Zambelli, G. P. Vacca, and R. Percacci, 
arXiv : 904 . 0938 [hep-th ] 

L. D. Fa ddeev and V. N. P opov, Phys. Lett. B25 (1967) 
29-30. 

1. Antoniadis, J. Iliopoulos, and T. Tomaras, Nucl. 

Phys. B 267 (1986) 2, 497-508. 

C. G. Callan, Jr., Phys. Rev. D 2 (1970) 1541-1547| 

K. Symanzik, Commun. Math. Phys. 18 (1970) 227-246) 

Theodor Schuster, Diploma thesis, 

Humboldt-Universitat zu Berlin, 2008, 

http : / /qf t . physik . hu-berlin . de/ 

C. Amslcr et al. (Particle Data Group), Phys. Lett. 

B667 (2008) 1. 

J. A. M. Vermaseren,'arXiv:inath-ph/0010025| 

P. T. Mackay and D. J. Toms, Phys. Lett. B 684 (2010) 

251-255, larXiv: 0910 .1703 [hep-th]] 



